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Approximation rapide dela rotation d'harmoniques sphériques

Résune: La rotationde fonctionsrepiesenéespar desharmoniquespheriquesestuneopérationimportantedansles
algorithmegecalculd'éclairageentempsréeletdesimulationd’ éclairageglobal. Pourcertainsalgorithmesunerotation
esteffectuée pour chaguesommentou mémechaquepixel. Cetteproceduredoit doncétreefcace entermede temps
de calcul. Malheureusemernies proccduresexistantesne permettenpasde répondreaux exigencesdesalgorithmesde
calculd'éclairageparcequ'elles sontcoliteusen termede nombred'opérations.Dansce rapport,nousproposonsine
approximatioref cace delarotationd’harmoniquespheriquescetteapproximatioretantapplicabledansle casde petits
anglesde rotation. Nousremplaonsla matricegéréralede rotationd'harmoniquessphériquespar sondéwveloppement
en série de Taylor au premierou au secondeordre, ce qui réduit la compleité de calcul de fagon signi cative. Cette
approximatiorréduitaussila compleité asymptotiqueale la rotation. En effet, plusl'ordre desharmoniquespteriques
seraélevé, plusl'approximationestrapide. Nousappliqguond'approximationpropogeau casde I' éclairageglobal et a
celuiducalculentempsréeldel’ éclairageal'aide decartesd'environnement.

Mots clés: rotationd'harmoniquesspleriques gclairagea l'aide d’harmoniquesspleriques cachede luminance carte
d'ervironnementcartede normales
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1 Intr oduction

When using sphericalbasisfunctions(e.g. sphericalharmonicsor wavelets)for real-time shadingwith ernvironment
lighting [KSS02 SKS02 LK03, SHHS03 WTL04, LSSS04 NRHO04], onehasto facethe problemof aligningthe ervi-
ronmentlighting (representeih the global coordinateframe)with there ectancefunction,or BRDF (representeth the
local coordinatdrameat eachsurfacepoint). Thealignmentis achievedthrougha rotationof a (hemi)sphericatunction.
Kautzetal. [KSS0Z performtherotationof theervironmentlighting representely sphericaharmonicgor eachvertex
duringreal-timerenderingandreportthattherotationis the bottleneck.Ng et al. [INRHO4] avoid therotationby storing
the BRDF multiple times, pre-rotatedo the global framefor differentsurfacenormaldirections. This approachwastes
memory prohibitsthe useof high frequeny BRDFsanddoesnotallow anisotropidBBRDFs. Precomputedadiancdrans-
fer [SKS02 LK03, SHHS03 WTL04, LSSS04 avoids the rotation problemfor smoothsurfacessincethe alignmentis
includedin the transfermatrix storedpervertex. However, in the caseof normalmappedsurfaces,a perpixel rotation
is neededevenfor precomputedadianceransfer Also for globalillumination computationgef ciency of hemispherical
functionrotationcanbecritical [KGPBO0Yg.

To our knowledge,no simplerotationprocedureexistsfor waveletrepresentation-unctionsrepresenteddy spherical
harmonicanberotatedby alineartransformatiorof therepresentationoefcients [Gre03, but theexisting procedures
[IR96, IR98, CIGR99 KSS0J aretoo slow for perpixel rotationin real-time.

In this paperwe addresghe rotationof functionsrepresentedby sphericalharmonics.We proposean ef cient ap-
proximationof the sphericaharmonicrotationbasedn replacingthe generakphericaharmonicrotationmatrix with its
Taylor expansion.We shav that our approximatiorhaslower computationatompleity in termsof sphericalharmonic
orderthanthepreviousmethods Our methodis alsofasterandwe shaw thatarotationcanbe performedn real-timeona
perpixel basis.We applythe proposedotationin globalillumination andreal-timelighting with ernvironmentmaps.The
ability to performthe SH rotationperpixel allows usto decouplethe illumination quality from the numberof vertices.
We demonstrat¢his by renderinghormalmappedobjectsilluminatedby ervironmentmapsin real-time.

The next sectionprovidesthe backgroundon sphericalharmonicrotation, Section3 describesur rotationapproxi-
mation. Applicationsandresultsarepresentedn Section4 andSection5 concludeghework.

2 Background
2.1 SphericalHarmonics

Any sphericalfunction L(w) canbe approximatedn termsof sphericalharmonicsasL(w) = é,":gé'ﬁp LH™Y™(w),

wherew is adirectionin 3D, Y™ arethe sphericalharmonics(abbreviated SH) [Gre03]andn is the SH approximation
order. Coefcients /" constitutetherepresentatioof L(w) with respecto the SH basis.Therearen? coefcients in the
approximatiorof ordern. Sphericaharmonicsof equall index form aband with oneharmonicin the rst band(m= 0),

threein thesecondband(m= 1;0;1), vein thethird band(m= 2; 1;0;1;2), etc. Althoughthe coefcients have

two indices| andm, they arestoredin a onedimensionaarray[/ J;/, %1 2;1{;:::], indexed by i = 1(1 + 1) + m. This
layoutis usedin the examplecodein this paper

2.2 Spherical Harmonic Rotation

Problem Statement. Givenavectorof SHcoefcients L = f1 Mg representingsphericafunctionL(w) = é,“z(}é'm: L ™™(w),

nd avectorof coefcients j = f u™g representinghe rotatedfunctionL(R Yw)) = é{‘zolém: L u™Y,™(w), whereR
is thedesiredrotation.

Rotationof ary functionrepresentetyy SH of ordern canbe exactly representetdy SH of ordern. Therotationcan
becarriedout asalineartransformatiory = RL with ablock-sparseotationmatrix R (Figurel). Notethatcoefcients
betweendifferent SH bandsdo not interact. The problemis how to constructR for a desired3D rotationandordern.
Differentwaysof solvingthis taskaredescribedn [Gre03]. Our approactto SH rotation,describedn Section3, avoids
explicit constructiornof R. We compareour approachwith the methodsof IvanicandRuedenbey [IR96, IR98] andthe
ZXZXZ decompositiorof Kautzetal. [KSS03.

lvanic and Ruedenbay [IR96, IR98] constructR recurrently startingfrom R? continuingover RZ up to R' for ary
givenl. Elementf theblock R' arecomputedrom elementof R! 1 andR? usingrulessummarizedn [IR98, Gre03.
Theproceduras relatively ef cient, but too slow to beusedfor eachpixel or eveneachvertex in real-time.

A moreef cient SHrotationcanbeachiezedwith themethodof [KSS02 thatwe call heretheZXZXZ decomposition.
A general3D rotationis rst decomposedhto ZYZ Eulerangles(a;b;g). TherotationaroundY by angleb is then
expressedsarotationaroundX by p=2, agenerakotationaroundZ by b andarotationaroundX by p=2. Theangle
of thetwo rotationsaroundX is x ed,thereforetherotationmatricesfor themcanbe pre-computedThe numberof non
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Figurel: Form of the SH rotationmatrix. (After [Green2003]).

zeroelementsn thosematricess only afourth of thatof a generalSH rotationmatrix anda generakotationaroundZ is
very simple(seeAppendixC), thustheef ciency of this method.

Direct3DAPI [Mic04] providesthe D3DXSHRotate()call thatrotatesafunctionrepresentetly sphericaharmonics.
Theimplementations probablybasedn explicit formulasfor theelement®f therotationmatrixin termsof Eulerangles
[SKSO03, sinceit only worksfor ordersupto n= 6. It is slowverthanthe methodof IvanicandRuedenbeay[IR96, IR98].

Choietal's method[CIGR99 performstherotationin complex spaceandthencorvertstheresultsbackto realspace
(our sphericaharmonicsandcoefcient vectorsarereal). Accordingto [Gre04 this proceduras slower thanthe method
of IvanicandRuedenbey [IR96, IR98]. Thesourcecodefor thesetwo methodds availableonline[Wil04].

Noneof the listed methodss fastenoughto allow perpixel rotation,which inspiredus to develop our fastrotation
approximation.

3 Our Contribution: FastRotation Approximation

This sectiondescribesour fastapproximationof the SH rotationusingthe Taylor expansionof the rotationmatrix. We
shaw thatthe approximatiordecreasetherotationcomplexity from O(n3) to O(n?), wheren is the order

Accordingto Euler's rotationtheorem,ary rotation may be describedusingthreeangles. We decomposeotations
usingthe ZYZ corventionandexpressthemasthreesubsequentotationsaroundZ, Y andZ axesby anglesa, b andg,
respectiely, i.e. R = Rz(a)Ry(b)Rz(9).

TherotationaroundZ is simpleandef cient (AppendixC). It remainsto nd therotationmatrix Ry(b). Our main
contrikution consistsn replacingthis matrix by its Taylor expansionatb = 0:

dRy b2 d?Ry

W(O)"‘ -

Ry(b) I+b > W(O):

wherel is the identity matrix. Computationof the derivative matricesis describedn AppendixA. The rst derivative
matrix "[%(O) hasnonzeroelementsonly on the super andsubdiagonalsindthe secondderivative matrix c’;%(O) has
non-zeroonly on the main diagonaland on the diagonaljust below the subdiagonabndjust above the superdiagonal
(Figure 2). Therefore the resultingrotationmatrix approximationis very sparse.The rotationmatrix Ry(b) doesnot
have to beexplicitly constructedhtall becauseve know wherethe nonzercelementsare.

In practicewe usea“1.5-th order” Taylor expansionwhereary non-diagonatlementof thesecondierivative matrix

areignored.The C codebelon shavs how theY rotationis carriedout usingthe “1.5-th order” Taylor expansion.

Irisa
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Figure 2: First (left) and second(right) derivative of the Y rotation matrix at b = 0. (Numbersare roundedto three
signi cant digits.)

/** Rotate around Y using the 1.5-th order Taylor expansion
@parambeta angle of rotation around Y
*

void shRotYdiff15(int order, float* dest, const float* src,
const float* dySubDiag, const float* ddyDiag,
float beta) {

float bbeta = 0.5f*beta*beta;

dest[0] = src[0];
for(int  i=1; i<order*order-1, i++) {
dest[ii] = src[i]j * (1.0f + bbeta*ddyDiag[i]) +
beta * (dySubDiagli]*srcli-1] - dySubDiag[i+1]*src[i+1]);
}
dest] = src[i] * (1.0f + bbeta*ddyDiagl[i]) +

beta * dySubDiag[i] * srcfi-1];
ThearraysdySubDiagandddyDiag containthesubdiagonabf dd%(O) andthediagonalbf "S—E}(O) respectiely. They

arecomputedust onceat the start-upof the applicationandremainconstanthroughouthe run-time. The superdiagonal
of ddR—bY(O) doesnot have to be stored,sincethe rst derivative matrix is, like ary otherin nitesimal rotation matrix,

antisymmetrigWeio4].
All componentsgor thefull rotationR = Rz(a)Ry(b)Rz(g) arenow available. Therotationproceedssfollows:
1. Decomposeotationinto theZYZ Euleranglesa, b andg.
2. RotatearoundZ by a (seeAppendixC) .
3. UseshRotYdiff15() to rotatearoundY by b.
4. RotatearoundZ by g.

It hasto beemphasizedhatthe describecgprocedureonly approximategherotationandis usableonly if theangleof
rotationaroundY is small. An applicationusingour approximatiorhasto assurethatthis conditionholds. Section3.2
compareshe approximatiorerrorfor the rst, “1.5-th” andsecondrderTaylor expansions.

3.1 Complexity

We comparethe compleity of Ivanic and Ruedenbey's rotation [IR96, IR98] and rotation by ZXZXZ decomposi-
tion [KSS0Z with the compleity of our approximation.The compleities areexpressedn termsof ordern.

Ivanic and Ruedenbey’'s method. The numberof non-zeroelementsin a generalSH rotation matrix (Figure 1)
for ordern is NnAn) = &{L,(2i 1)2 = n(4n® 1)=3. Computationof eachelementof the matrix using lvanic and

Pin 1728



6 Krivanek,Konttinen,Pattanaik& Bouatouf

Ruedenbeay's method[IR96, IR9§] is a constant-timeoperation,thereforethe complity of the SH rotation matrix
constructioris O(n®). Compleity of transforminga SH coefcient vectorwith the matrixis alsoO(n2).

ZXZXZDecomposition.One Z rotationinvolve Nz(n) = 2n(n 1) multiplications; the cost of one X rotationis
Nx(n) = &L ,(i> i+ 1) = n(n?+ 2)=3. Rotationof oneSH vectorwith theZXZXZ decompositionthuscosts3Nz(n) +
2Nx(n) = n(2n?+ 181 14)=32 O(n®) multiplications.Thisis only abouta half of thenumberof multiplicationsneeded
for transforminga vectorby afull SHrotationmatrix R andthereis no explicit constructiorof the matrix.

Our rotationapproximation. ThereareNgy (n) = 5n? multiplicationsin rotYdiff15() . Thetotal costof our rotation
2Nz(n) + Ngy(n) = 9n?  4n 2 O(n?) is asymptoticallylower thanthe previousmethods The advantageof our methodin
termsof speedbecomesnorepronouncedisthe ordern increasesthe downsidebeingthelower accurag for highern.

3.2 Error Analysis.

Let Ry(b) bethe correctmatrix for rotationaroundY by b andlet R(b) be our approximation For a given coefcient
vectorL , theapproximatiorerrorE(b) is givenby theL, norm

E(b) = kRy(b)L RY(b)Lk= k(Ry(b) RY(b))Lk= kD(b)Lk

Maximumof E(b) overall unitlengthL is theL, normof thematrix D(b), whichis equalto the greatessingularvalue
of D(b). AverageE(b) overall unit lengthL is the averagesingularvalueof D(b). Figure3 shavs the maximumand
averageerror E(b) andalsothe actualmeasuredE(b) for a Phonglobe cos'(q). Although the maximumerror grows
very quickly with b, theresultsfor the Phonglobe shav goodaccurag upto b = 25 .

Maximum error for approximated Y rotation
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Figure3: Approximationerror E(b) asafunctionof b for sphericaharmonicsof order5 (left) and8 (right). The plots
in the rst row shav the maximumerror for ary unit lengthvector the secondrow shows the averageerrorover all unit
lengthvectorsandthe third row shaws the actualerror for a Phonglobe cos'(q). Error is expressedasthe Euclidean
distancebetweerthecoefcient vectors.Eachplot shavs theerrorfor the 1st-, 1.5th-,and2ndorderTaylor expansion.

Irisa



FastSphericaHarmonicRotation 7

4 Applications and Results

4.1 Real-time EnvironmentLighting

In this sectionwe extendthe techniqueof Kautz et al. [KSS0Z with normal mappingthroughthe useof our rotation
approximation.A brief review of the original techniqueis asfollows. Kautz et al. usesphericalharmonicsto perform
real-timeshadingof surfaceswith arbitraryBRDFsdueto low-frequeng ernvironmentlighting. TheBRDF is represented
asa 2D table,whoseeachelementstoresthe SH coefcients of the BRDF for one x ed outgoing(viewing) direction.
Environmentlighting is alsorepresentedby sphericalharmonics.The lighting integral for a given viewing directionis
computedasa dot productof lighting coefcients andBRDF coefcients for that outgoingdirection. In this technique,
thevariationof incidentlighting dueto surfaceorientationis limited by the numberof verticesin themesh.Therendering
algorithmproceedssfollows:

1. [Pervertex, CPU Rotatethe lighting coefcients to the local coordinateframe of vertex v,. Sendthe rotated
coefcient asvertex datato the GPU.

2. [Perpixel, GPU Look upthe BRDF coefcients for theviewing directiontransformedo thelocal coordinatdrame.
3. [Perpixel, GPU Computethedot productof local lighting andBRDF coefcients.

Our extensiondecoupleghe lighting computationfrom the numberof verticesand allows modulatingthe surface
normal on a perpixel basisby a normalmap. We achiere this by modifying the original renderingalgorithmin the
following way (new stepsarein italics):

1. [Pervertex, CPU Rotatethe lighting coefcients to the local coordinateframe of vertex v,. Sendthe rotated
coefcient asvertex datato the GPU.

2. [Perpixel, GPU] Lookup the normalmap(normalmaprepresentshe modulationof thelocal coodinateframeat
thepixel with respecto the framegivenby theinterpolatedpervertex normals).

3. [Perpixel, GPU Look up the BRDF coefcients for the viewing direction transformedto the modulatedlocal
coordinateéframe.

4. [Perpixel, GPU Useour SHrotationapproximationto rotatethe BRDF coefcients fromthemodulatedocal frame
to theinterpolatedper-vertex local frame

5. [Perpixel, GPU Computethedot productof local lighting andBRDF coefcients.

The modulationof the surfacenormalby the normalmapis usuallylimited to rathersmall angles;we cantherefore
safelyuseour rotationapproximation Moreover, thanksto the approximatiorsimplicity, we wereableto implementthe
perpixel rotationin a pixel shadeof the graphicshardware.

The abore extensionleadsto a signi cant improvementof visual quality asillustratedin Figures4 and5. It also
allows usingmesheswith lower numberof verticesthanthe original technique which improvesthe overall rendering
performanceSimilarapproacitanalsobeusedo augmenvisualrichnessf thesphericaharmonics-basegrecomputed
radiancdransfertechniqguegSloan2002,Kautz2002], by applyingthe perpixel rotationon thetransferredadiance.

To simplify thenormalmappingonecanignoretheperpixel rotation(step4) andusethenormalmaponly to modulate
thelocal framefor the BRDF look-up. Unlike our method this simpli ed normalmappinggeneratesat looking surfaces
andit alsodoesnot capturecolor variationson the surfacebumpsthatstemfrom the modulatedsurfacenormal.

Results. Figures4 and5 compareourresultswith thesimpli ed normalmapping.We usedsphericaharmonicsof order

n=5 (25 coefcients). Therotationapproximatiorusedthe “1.5-th order” Taylor expansionfor bandsi=1 to I=3 andthe

rst orderTaylor expansionfor bandl=4. Dueto thelimited pixel shadeiinstructioncountwe hadto usefour passeso
accommodat@5 coefcients. Theframeratesfor theseimagesatresolution800 600are:

Simplied | Ours
Vase(891 vertices) 46 fps 58fps
Spherg560vertices)| 54fps 65fps
Plane(25 vertices) 56 fps 75fps

These gures weremeasurean a 2.26GHzPentiumlV PCwith ATI Radeor®800Pro GPU. Thedropin theframe

rate dueto the rotationis more pronouncedor the very low-frequeny mesh,wherethe renderingtime is determined

mostly by fragmentprocessing.
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8 Krivanek,Konttinen,Pattanaik& Bouatouf

Figure4: Detail of anormalmappedvaserenderedvith our SH rotation(right) andwith the simpli ed normalmapping
(left). Normalmappingwith our SH rotationis moresuccessfuat corveying the shapeapproximatedy thenormalmap.
Thevaseis illuminatedby the St Peters Basilicaervironmentmap;the BRDF comesfrom a measurementf a brushed
metal[Wes].

4.2 RadianceCaching

Herewe brie y review the radiancecachingalgorithmand describehow we have appliedour rotationapproximation.
Radiancecaching[KGPBO0Y is a generalizatiorof Ward et al.! s [WRC8§| irradiancecachingalgorithm. It accelerates
indirectillumination computatioron glossysurfacesby sparselysampling,cachingandinterpolatingtheincomingradi-
ance.Theincomingradianceat a pointis a hemisphericafunction representedyy sphericalor hemisphericaharmonics
[GKPBO04 coefcients storedin the radiancecache. For a ray hitting a glossysurfaceat a point p, radiancecacheis
queried. If no cachedradiancerecordis found nearp, hemisphereabove p is sampledandthe incomingradianceco-
efcients are storedin the radiancecache. If cachedrecordsare found nearp, the incomingradiancecoefcients are
interpolatedwith theformula:
aswi(p)

No translationgradientsare usedhere. Weight of the i-th cacherecordwith respectto point p is given by w;(p) =
(kp pik=R+ T n n) 1, wherep; is thepositionof thei-th cacherecord,n; is thenormalatp;, R; is the harmonic
meanlengthof rayssamplingthe hemispherabove p;, n is thenormalatp, S= fijw;(p) > 1=ag andais auserde ned
allowederror Theimportantthing hereis therotationR; thathasto be usedto align the coordinateframesat p; andp:
the cachedncomingradiancehasto be rotatedbeforethe interpolationis possible(Figure6). This meanghatthereis
oneor morerotationfor eachinterpolation(eachpixel onavisible glossysurface).

Dueto theinterpolationcriterionthenormalsat p; andp arealwayssimilar (if they werenot, p; would notbe usedfor
interpolationat p). Angle of rotationaroundtheY axisin the EulerZYZ decompositiorof R; correspondso theangle
betweemormalsn; andn andhenceit is alwayssmall. We canthereforesafelyuseour rotationapproximation.

We usethe approximatedotationfor b < by, andthe more costly ZXZXZ decompositiorotherwise. If we kept
bim constant,increasingthe radiancecachingerror a would leadto more frequentuseof the ZXZXZ decomposition
for rotationandthe interpolationwould slov dawn. This is certainlynot whatthe userexpectsfrom increasingallowed
cachingerror. To rectify this, we setthe limiting angleto by, = 1:25a (derivationin AppendixB), which allows more
errorin rotationif the userallows moreerrorin interpolation. As a consequencehe percentag®f ZXZXZ rotations
is constantregardlessof a in a given scenewhich is whatthe userexpects. In this setting,our approximationandthe
ZXZXZ rotationmay not meetin a visually continuougashionat by, if ais high (a> 0:3 in our scenes)ls suchcase,
however, the cachingartifactsaremorepronouncedndtherotationartifactsgo unnoticed.

Results. For resultsin this sectionwe usedthe “1.5-th Taylor expansion”of the Y rotation matrix (all non diagonal
elementof the secondderivative matrix areignored). Whenusingour rotationapproximationwe setthe limiting angle
bim sothatit is never exceeded.

In Figure7 we compareheresultsof radiancecachingobtainedby the correctandthe approximatedotation.Instead
of aside-by-sideomparisonin whichtheresultsarevisuallyindistinguishableywe shav acolorcodeddifferencebetween
the two methods.Imageareasexhibiting the maximumerror are usuallyvery curved, andthe artifacts,if ary, arewell
masled.

Irisa



FastSphericaHarmonicRotation 9

Figure5: More resultsof the normalmappingwith our SH rotation (right) comparedo the simpli ed normalmapping
(left). The BRDFsusedwere (from top to bottom) Lambertian,Phong,Ward isotropic, Ward anisotropic. The objects
areilluminated by the GraceCathedralervironmentmap. Note the color variationson the surfacebumpscapturedby
our method. For the Lambertiansurface (top), the simpli ed normal mappingdoesnot work sincethe BRDF is view
independentOur methodis alsomoresuccessfuat revealingthe effectsof BRDF anisotroy (bottom).

Tablel shavstherenderingimesfor the amingo andthesphergFigure? left) with radiancecaching. Therendering
time only includesthe interpolationfrom the cache.For SH ordern = 6, our methodis 4 timesfasterthanthe ZXZXZ
decompositionfor n= 10it is 6 timesfaster

5 Conclusion

We presentec fasttechniguefor rotatingfunctionsrepresentetdy sphericaharmonics.We approximatedhe spherical
harmonicrotation matrix by its Taylor expansionwhich increasests sparsity Our techniquedecreaseshe rotation
compl«ity andis fasterthanpreviousrotationalgorithms.Althoughour rotationapproximatioris accurateonly for small
rotationangleswe have demonstrateds practicalusefulnessn real-timeandoff-line rendering.Therotationalgorithm
is simpleenoughto t in the pixel shaderof standardgraphicshardware, which allows to apply the rotationon a per
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no alignment

@4 correctly aligned

Figure6: RotationR; alignsthe coordinateframeat p; andp beforeinterpolationis possiblein radiancecaching.(After
[Krivaneketal. 2004].)

Order 6 10
RT TPR RT TPR
Flamingo
Ignore 10.3s — 11.2s —

Our method | 12.8s 0.68ns | 16.9s 1.54ns
ZXZXZ 21.2s 2.96ns | 47.4s 9.83ns
Ivanic 47.3s 10.1ns | 192s 49.1ns
DirectX 76.4s 17.9ns — —
Sphere
Ignore 3.30s — 3.96s —
Our method | 4.28s 0.65ns | 6.13s 1.44ns
IXZXZ 7.08s 251ns| 16.8s 8.57ns
Ivanic 17.8s 9.63ns | 75.8s 47.8nB
DirectX 30.3s 17.9ns — —

Table 1: Renderingtimes for the amingo and sphereimages(Figure 7 left) with radiancecaching. The rendering
time only includesinterpolationfrom the cache.Variousrotationmethodsare usedfor interpolation:Ignore(rotationis
ignored),our method,ZXZXZ decompositionthe methodof lvanic and Ruedenbey andthe DirectX rotation. 'RT" is
the framerenderingtime and "TPR' is the time perrotation. Therewere1;226,917 3= 3;680 751 rotationsfor the
amingo and501,420 3= 1;504 260rotationsfor thesphere.

pixel basisin real-time.We demonstratethis by shadingnormalmappedsurfaceswith arbitraryBRDFsby ervironment
lighting. We have alsoappliedour rotationapproximatiorin globalillumination computatioron glossysurfaces.

In futurework, we wouldlik e to extendour rotation-basedormalmappingto precomputedadiancdransfer We also
believe thata similar approackcanbe usedto approximateaotationof functionsrepresentetly wavelets.
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A SH Rotation Matrix Derivative

Herewe describethe computatiorof the k-th derivative matrix dd—';%. Thealgorithmis basedn lvanicandRuedenbey's
kp!
rotation matrix construction[IR96, IR98] and retainsits structure. Elementsof the derivative matrix block dd% are

indexedby m; andn, andwe denotethem R\(,k)(l ;Mg ; mp). We startwith bandd = Oandl = 1:

R¥O; o 0 =10 R¥@ 0, 0) = cod¥(b)

RO 1 1 =10 R¥1 00 1) = sin®(b)
RG 1 9g=0 RYL L 1=0

RO 1 np=0 RY®WL 1 0 = sin®b)

RO o =0 RY®L 1 1) = cod¥(b)
whereb = 0 and1® is the derivative of one (1 = 1if k= 0and1® = 0if k> 0). For higherbands,we compute
simultaneouslyhe zero-th, rst, second, .. maxderiv-th derivative:
forl=2:::n 1do
for k= 0:::maxderiv do

formy= I:::ldo
formp= I:::l1do
RO(mmy) = Uy, dUO (1 my;mp)+
Vlmlmz dv® (1; my; mp)+
Wlmlmz dW(k)(l;ml;mZ)
endfor
endfor
endfor

endfor
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Vin

Numericalcoefcients ul .

mymye Vimgm, andw'mlmz arethe sameasin the original paper[IR98]. FunctionsdU, dV and
dw arede ned as:

du®(1;my;mp) = dPX(1;my; my; 0)

dPO(l;my  1;mp; 1)

PO m+ Lmp; 1)
" 2dP® (1;0;mp; 1) ifm =1
dPR(1; 1; mp; 1)+

ifm>1

®(:mymyp) = -
dv®(1; my; mp) dPR(; Lmp; 1) el
?2dp<k)(l;0;mz: 1) tm= 1
dPRI; my Lmp; D+ .
dPM (1 my + 1;mp; 1) st
g dP(k)(I'm1+ 1mp; 1)+ i
dW® (13 my; mp) = PO my Lmy 3 MO
sy 3 dPO(;my 1;mp; 1) otherwise
dP®(1: me+ Lmy; 1)
with 8
dT®(Li;0,1 Lmy;mp) el < |
%dT(k)(l;i;l;l Lmol D) =
dPOmmpi) = dTO(Li; L1 Lmy 1+19)
SATOLELT Lmy 1+ 0+
aTOLE B Lmgl )
and

k
k .
dTOUmym Snimg) = & ROGmumy) RE V(% mm)):
i=0

FunctiondT implementsheproductderivativerule (fg)® = 3% ¥ f0gk ) wheref® denoteghek-th derivative.

B Rotation Approximation Limiting Angle

The decisionwhethera radiancecacherecordi will beincludedin theinterpolatedvalueat p depend®n its weightas

a> 1=w;i(p) (ais theuserde ned allowed error). Weightis a function of the distancekp p;k andthe anglebetween
normalsb = 6(n;n;). Considera constanturvaturesurfacewith the osculatingcircle radiusr. Thenkp pjk= 2r sin%
andthereforetheweightis only afunctionof b, i.e. 1=w;(p) = f(b) = %sin% + 1 cosb, whereR istheharmonic

meandistance.The aimis to nd for agivena and x edr the value of by, suchthatfor all acceptedadiancecache
recordsthenormaldivergences never morethanbyi, . To thisendwe needtheinversefunctionof f,whﬂ')cf_w isimpossible
to nd analytically Insteadwe take the rst orderTaylorexpansionof f atb = Owhichis f(b) b(1= 2+ é) andwe

nd b< a(l= 2+ &) 1 we chooseg = 0:1 andwe getbim = 1:25a (in degreesbjm = 70:1a). Thechoice g = 0:1
meanghatall surfacesof cunaturel10=R; or smallerwill berenderedvithout exceedingbjm .

C SH Rotation around Z-axis

The Z-rotationis computedef ciently without constructingthe rotation matrix Rz(a) usingthe following procedure:

forl=0:::n 1do
ul:=1p0
form= 1:::l do

u ™:=1, "cogma) [ Msin(ma)
u™ =1, "sin(ma)+ | Mco{ma)
endfor
endfor
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The sinesandcosineof multiple anglescanbe computedwith therecurrencdormula:

sin(ma) 2sin((m l)a)coga) sin((m 2)a)
cogma) = 2cog(m 1)a)coga) cogd(m 2)a)

Thenumberof multiplicationsin therotationprocedurds Nz(n) = 2n(n 1) thusthe compleity is O(n?).
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