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Abstract: Rotatingfunctionsrepresentedby sphericalharmonicsis an importantpart of many real-timelighting and
global illumination algorithms.For someof thema per-vertex or evenper-pixel rotationis required,which implies the
necessityof an ef�cient rotationprocedure.The speedof any of the existing rotationproceduresis, however, not able
to meetthe requirementsof real-timelighting or fastglobal illumination. We presentan ef�cient approximationof the
sphericalharmonicrotationapplicablefor smallrotationangles.Wereplacethegeneralsphericalharmonicrotationmatrix
by its �rst or secondorderTaylor expansion,which signi�cantly decreasesthecomputationinvolvedin therotation.Our
approximationdecreasesthe asymptoticcomplexity of the rotation— the higherthe orderof sphericalharmonics,the
higherthespeed-up.We applytheproposedapproximationin global illumination andreal-timelighting by environment
maps.
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Approximation rapide de la rotation d'harmoniques sphériques

Résuḿe : La rotationde fonctionsrepŕesent́eespardesharmoniquessph́eriquesestuneopérationimportantedansles
algorithmesdecalculd' éclairageentempsréeletdesimulationd'éclairageglobal.Pourcertainsalgorithmes,unerotation
esteffectúeepour chaquesommentou mêmechaquepixel. Cetteproćeduredoit doncêtreef�cace en termede temps
decalcul. Malheureusementlesproćeduresexistantesnepermettentpasde répondreauxexigencesdesalgorithmesde
calculd'éclairageparcequ'ellessontcoûteusesentermedenombred'opérations.Danscerapport,nousproposonsune
approximationef�cace dela rotationd'harmoniquessph́eriques,cetteapproximatiońetantapplicabledansle casdepetits
anglesde rotation. Nousremplaçonsla matricegéńeralede rotationd'harmoniquessph́eriquespar sondéveloppement
en série de Taylor au premierou au secondeordre,ce qui réduit la complexité de calcul de façon signi�cative. Cette
approximationréduitaussila complexité asymptotiquedela rotation. En effet, plus l'ordre desharmoniquessph́eriques
seraélevé, plus l'approximationestrapide.Nousappliquonsl'approximationpropośeeaucasde l' éclairageglobalet �a
celui ducalculentempsréeldel' éclairage�a l'aide decartesd'environnement.

Mots clés: rotationd'harmoniquessph́eriques,́eclairage�a l'aide d'harmoniquessph́eriques,cachedeluminance,carte
d'environnement,cartedenormales
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1 Intr oduction

When using sphericalbasisfunctions(e.g. sphericalharmonicsor wavelets)for real-timeshadingwith environment
lighting [KSS02, SKS02, LK03, SHHS03, WTL04, LSSS04, NRH04], onehasto facetheproblemof aligningtheenvi-
ronmentlighting (representedin theglobalcoordinateframe)with there�ectancefunction,or BRDF (representedin the
local coordinateframeateachsurfacepoint). Thealignmentis achievedthrougha rotationof a (hemi)sphericalfunction.
Kautzetal. [KSS02] performtherotationof theenvironmentlighting representedby sphericalharmonicsfor eachvertex
duringreal-timerenderingandreportthat therotationis thebottleneck.Ng et al. [NRH04] avoid therotationby storing
theBRDF multiple times,pre-rotatedto theglobal framefor differentsurfacenormaldirections.This approachwastes
memory, prohibitstheuseof highfrequency BRDFsanddoesnotallow anisotropicBRDFs.Precomputedradiancetrans-
fer [SKS02, LK03, SHHS03, WTL04, LSSS04] avoids the rotationproblemfor smoothsurfacessincethealignmentis
includedin the transfermatrix storedper-vertex. However, in the caseof normalmappedsurfaces,a per-pixel rotation
is neededevenfor precomputedradiancetransfer. Also for global illumination computation,ef�ciency of hemispherical
functionrotationcanbecritical [KGPB05].

To ourknowledge,nosimplerotationprocedureexistsfor waveletrepresentation.Functionsrepresentedby spherical
harmonicscanberotatedby a lineartransformationof therepresentationcoef�cients [Gre03], but theexistingprocedures
[IR96, IR98, CIGR99, KSS02] aretooslow for per-pixel rotationin real-time.

In this paperwe addressthe rotationof functionsrepresentedby sphericalharmonics.We proposean ef�cient ap-
proximationof thesphericalharmonicrotationbasedonreplacingthegeneralsphericalharmonicrotationmatrixwith its
Taylor expansion.We show thatour approximationhaslower computationalcomplexity in termsof sphericalharmonic
orderthanthepreviousmethods.Ourmethodis alsofasterandweshow thatarotationcanbeperformedin real-timeona
per-pixel basis.Weapplytheproposedrotationin globalilluminationandreal-timelighting with environmentmaps.The
ability to performtheSH rotationper-pixel allows us to decouplethe illumination quality from thenumberof vertices.
Wedemonstratethisby renderingnormalmappedobjectsilluminatedby environmentmapsin real-time.

Thenext sectionprovidesthebackgroundon sphericalharmonicrotation,Section3 describesour rotationapproxi-
mation.Applicationsandresultsarepresentedin Section4 andSection5 concludesthework.

2 Background
2.1 SphericalHarmonics

Any sphericalfunction L(w) canbe approximatedin termsof sphericalharmonicsasL(w) = å n� 1
l= 0 å l

m= � l l m
l Ym

l (w),
wherew is a directionin 3D, Ym

l arethesphericalharmonics(abbreviatedSH) [Gre03]andn is theSH approximation
order. Coef�cients l m

l constitutetherepresentationof L(w) with respectto theSH basis.Therearen2 coef�cients in the
approximationof ordern. Sphericalharmonicsof equall index form aband, with oneharmonicin the�rst band(m= 0),
threein thesecondband(m= � 1;0;1), � ve in the third band(m= � 2; � 1;0;1;2), etc. Although thecoef�cients have
two indicesl andm, they arestoredin a onedimensionalarray[l 0

0 ; l � 1
1 ; l 0

1 ; l 1
1 ; : : :], indexedby i = l (l + 1) + m. This

layoutis usedin theexamplecodein thispaper.

2.2 SphericalHarmonic Rotation

ProblemStatement. Givenavectorof SHcoef�cients L = f l m
l g representingasphericalfunctionL(w) = å n� 1

l= 0 å l
m= � l l m

l Ym
l (w),

�nd a vectorof coef�cients ¡ = f um
l g representingtherotatedfunctionL(R � 1(w)) = å n� 1

l= 0 å l
m= � l um

l Ym
l (w), whereR

is thedesiredrotation.
Rotationof any functionrepresentedby SH of ordern canbeexactly representedby SH of ordern. Therotationcan

becarriedout asa lineartransformation¡ = RL with a block-sparserotationmatrix R (Figure1). Notethatcoef�cients
betweendifferentSH bandsdo not interact. The problemis how to constructR for a desired3D rotationandordern.
Differentwaysof solvingthis taskaredescribedin [Gre03]. Our approachto SH rotation,describedin Section3, avoids
explicit constructionof R. We compareour approachwith themethodsof IvanicandRuedenberg [IR96, IR98] andthe
ZXZXZ decompositionof Kautzetal. [KSS02].

Ivanic andRuedenberg [IR96, IR98] constructR recurrently, startingfrom R1 continuingover R2 up to Rl for any
givenl . Elementsof theblockRl arecomputedfrom elementsof Rl � 1 andR1 usingrulessummarizedin [IR98, Gre03].
Theprocedureis relatively ef�cient, but tooslow to beusedfor eachpixel or eveneachvertex in real-time.

A moreef�cient SHrotationcanbeachievedwith themethodof [KSS02] thatwecall heretheZXZXZ decomposition.
A general3D rotation is �rst decomposedinto ZYZ Euler angles(a ;b ;g). The rotationaroundY by angleb is then
expressedasa rotationaroundX by p=2, a generalrotationaroundZ by b anda rotationaroundX by � p=2. Theangle
of thetwo rotationsaroundX is �x ed,thereforetherotationmatricesfor themcanbepre-computed.Thenumberof non
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R =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1 0 0 0 0 0 0 0 0 : : :
0 X X X 0 0 0 0 0 : : :
0 X X X 0 0 0 0 0 : : :
0 X X X 0 0 0 0 0 : : :
0 0 0 0 X X X X X :: :
0 0 0 0 X X X X X :: :
0 0 0 0 X X X X X :: :
0 0 0 0 X X X X X :: :
0 0 0 0 X X X X X :: :
...

...
...

...
...

...
...

...
...

...

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
4

1 0 0 : : :
0 R1 0 : : :
0 0 R2 : : :
...

...
...

...

3

7
7
7
5

Figure1: Formof theSHrotationmatrix. (After [Green2003]).

zeroelementsin thosematricesis only a fourth of thatof a generalSH rotationmatrix anda generalrotationaroundZ is
verysimple(seeAppendixC), thustheef�ciency of thismethod.

Direct3DAPI [Mic04] providestheD3DXSHRotate()call thatrotatesafunctionrepresentedby sphericalharmonics.
Theimplementationis probablybasedonexplicit formulasfor theelementsof therotationmatrix in termsof Eulerangles
[SKS02], sinceit only worksfor ordersup to n = 6. It is slower thanthemethodof IvanicandRuedenberg [IR96, IR98].

Choietal.'smethod[CIGR99] performstherotationin complex spaceandthenconvertstheresultsbackto realspace
(oursphericalharmonicsandcoef�cient vectorsarereal). Accordingto [Gre04] thisprocedureis slower thanthemethod
of IvanicandRuedenberg [IR96, IR98]. Thesourcecodefor thesetwo methodsis availableonline[Wil04].

Noneof the listedmethodsis fastenoughto allow per-pixel rotation,which inspiredus to developour fastrotation
approximation.

3 Our Contrib ution: FastRotation Approximation

This sectiondescribesour fastapproximationof theSH rotationusingtheTaylor expansionof the rotationmatrix. We
show thattheapproximationdecreasestherotationcomplexity from O(n3) to O(n2), wheren is theorder.

Accordingto Euler's rotationtheorem,any rotationmay be describedusingthreeangles.We decomposerotations
usingtheZYZ conventionandexpressthemasthreesubsequentrotationsaroundZ, Y andZ axesby anglesa , b andg,
respectively, i.e. R = RZ(a )RY(b)RZ(g).

TherotationaroundZ is simpleandef�cient (AppendixC). It remainsto �nd therotationmatrix RY(b). Our main
contributionconsistsin replacingthismatrixby its Taylorexpansionatb = 0:

RY(b) � I + b
dRY

db
(0) +

b2

2
d2RY

db2 (0):

whereI is the identity matrix. Computationof the derivative matricesis describedin AppendixA. The �rst derivative
matrix dRY

db (0) hasnonzeroelementsonly on thesuper- andsubdiagonalsandthesecondderivative matrix d2RY
db2 (0) has

non-zerosonly on the main diagonalandon the diagonaljust below the subdiagonalandjust above the superdiagonal
(Figure2). Therefore,the resultingrotationmatrix approximationis very sparse.The rotationmatrix RY(b) doesnot
have to beexplicitly constructedatall becauseweknow wherethenonzeroelementsare.

In practiceweusea“1.5-thorder”Taylorexpansion,whereany non-diagonalelementsof thesecondderivativematrix
areignored.TheC codebelow shows how theY rotationis carriedoutusingthe“1.5-th order”Taylorexpansion.

Irisa
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dRY

db
(0) =

0

B
B
B
B
B
B
B
B
@

0 0 0 0 : : :

0 dR1
Y

db (0) 0 0 : : :

0 0 dR2
Y

db (0) 0 : : :

0 0 0 dR3
Y

db (0) : : :
...

...
...

...
...

1

C
C
C
C
C
C
C
C
A

;

where

dR1
Y

db
(0) =

0

@
0 0 0
0 0 � 1
0 1 0

1

A

dR2
Y

db
(0) =

0

B
B
B
@

0 1 0 0 0
� 1 0 0 0 0
0 0 0 � 1:73 0
0 0 1:73 0 � 1
0 0 0 1 0

1

C
C
C
A

dR3
Y

db
(0) =

0

B
B
B
B
B
B
B
@

0 1:22 0 0 0 0 0
� 1:22 0 1:58 0 0 0 0

0 � 1:58 0 0 0 0 0
0 0 0 0 � 2:45 0 0
0 0 0 2:45 0 � 1:58 0
0 0 0 0 1:58 0 � 1:22
0 0 0 0 0 1:22 0

1

C
C
C
C
C
C
C
A

d2RY

db2 (0) =

0

B
B
B
B
B
B
B
B
@

0 0 0 0 : : :

0 d2R1
Y

db2 (0) 0 0 : : :

0 0 d2R2
Y

db2 (0) 0 : : :

0 0 0 d2R3
Y

db2 (0) : : :

...
...

...
...

...

1

C
C
C
C
C
C
C
C
A

;

where

d2R1
Y

db2 (0) =

0

@
0 0 0
0 � 1 0
0 0 � 1

1

A

d2R2
Y

db2 (0) =

0

B
B
B
@

� 1 0 0 0 0
0 � 1 0 0 0
0 0 � 3 0 1:73
0 0 0 � 4 0
0 0 1:73 0 � 1

1

C
C
C
A

d2R3
Y

db2 (0) =

0

B
B
B
B
B
B
B
@

� 1:5 0 1:94 0 0 0 0
0 � 4 0 0 0 0 0

1:94 0 � 2:5 0 0 0 0
0 0 0 � 6 0 3:87 0
0 0 0 0 � 8:5 0 1:94
0 0 0 3:87 0 � 4 0
0 0 0 0 1:94 0 � 1:5

1

C
C
C
C
C
C
C
A

Figure2: First (left) andsecond(right) derivative of the Y rotationmatrix at b = 0. (Numbersare roundedto three
signi�cant digits.)

/** Rotate around Y using the 1.5-th order Taylor expansion
@parambeta angle of rotation around Y

*/
void shRotYdiff15(int order, float* dest, const float* src,

const float* dySubDiag, const float* ddyDiag,
float beta) {

float bbeta = 0.5f*beta*beta;
dest[0] = src[0];
for(int i=1; i<order*order-1; i++) {
dest[i] = src[i] * (1.0f + bbeta*ddyDiag[i]) +
beta * (dySubDiag[i]*src[i-1] - dySubDiag[i+1]*src[i+1]);

}
dest[i] = src[i] * (1.0f + bbeta*ddyDiag[i]) +

beta * dySubDiag[i] * src[i-1];
}

ThearraysdySubDiagandddyDiag containthesubdiagonalof dRY
db (0) andthediagonalof d2RY

db2 (0) respectively. They
arecomputedjust onceat thestart-upof theapplicationandremainconstantthroughouttherun-time.Thesuperdiagonal
of dRY

db (0) doesnot have to be stored,sincethe �rst derivative matrix is, like any other in�nitesimal rotation matrix,
antisymmetric[Wei04].

All componentsfor thefull rotationR = RZ(a )RY(b)RZ(g) arenow available.Therotationproceedsasfollows:

1. Decomposerotationinto theZYZ Euleranglesa , b andg.

2. RotatearoundZ by a (seeAppendixC) .

3. UseshRotYdiff15() to rotatearoundY by b.

4. RotatearoundZ by g.

It hasto beemphasizedthatthedescribedprocedureonly approximatestherotationandis usableonly if theangleof
rotationaroundY is small. An applicationusingour approximationhasto assurethat this conditionholds. Section3.2
comparestheapproximationerrorfor the�rst, “1.5-th” andsecondorderTaylorexpansions.

3.1 Complexity

We comparethe complexity of Ivanic and Ruedenberg's rotation [IR96, IR98] and rotation by ZXZXZ decomposi-
tion [KSS02] with thecomplexity of ourapproximation.Thecomplexities areexpressedin termsof ordern.

Ivanic and Ruedenberg's method. The numberof non-zeroelementsin a generalSH rotation matrix (Figure 1)
for order n is Nnz(n) = å n

i= 1(2i � 1)2 = n(4n2 � 1)=3. Computationof eachelementof the matrix using Ivanic and
PI n 	 1728



6 K�rivánek,Konttinen,Pattanaik& Bouatouch

Ruedenberg's method[IR96, IR98] is a constant-timeoperation,thereforethe complexity of the SH rotation matrix
constructionis O(n3). Complexity of transformingaSHcoef�cient vectorwith thematrix is alsoO(n3).

ZXZXZDecomposition.One Z rotation involve NZ(n) = 2n(n � 1) multiplications; the cost of one X rotation is
NX(n) = å n

i= 1(i2 � i + 1) = n(n2 + 2)=3. Rotationof oneSHvectorwith theZXZXZ decompositionthuscosts3NZ(n) +
2NX(n) = n(2n2 + 18n� 14)=3 2 O(n3) multiplications.This is only aboutahalf of thenumberof multiplicationsneeded
for transformingavectorby a full SHrotationmatrixR andthereis noexplicit constructionof thematrix.

Our rotationapproximation.ThereareNdY(n) = 5n2 multiplicationsin rotYdiff15() . Thetotalcostof our rotation
2NZ(n) + NdY(n) = 9n2 � 4n 2 O(n2) is asymptoticallylower thanthepreviousmethods.Theadvantageof ourmethodin
termsof speedbecomesmorepronouncedastheordern increases,thedownsidebeingtheloweraccuracy for highern.

3.2 Err or Analysis.

Let RY(b) bethecorrectmatrix for rotationaroundY by b andlet R0
Y(b) beour approximation.For a givencoef�cient

vectorL , theapproximationerrorE(b) is givenby theL2 norm

E(b) = kRY(b)L � R0
Y(b)Lk = k(RY(b) � R0

Y(b))Lk = kD(b)Lk

Maximumof E(b) over all unit lengthL is theL2 normof thematrix D(b), which is equalto thegreatestsingularvalue
of D(b). AverageE(b) over all unit lengthL is theaveragesingularvalueof D(b). Figure3 shows themaximumand
averageerror E(b) andalsothe actualmeasuredE(b) for a Phonglobe cos7(q). Although the maximumerror grows
veryquickly with b, theresultsfor thePhonglobeshow goodaccuracy up to b = 25� .

Figure3: ApproximationerrorE(b) asa functionof b for sphericalharmonicsof order5 (left) and8 (right). Theplots
in the�rst row show themaximumerror for any unit lengthvector, thesecondrow shows theaverageerrorover all unit
lengthvectorsandthe third row shows the actualerror for a Phonglobe cos7(q). Error is expressedasthe Euclidean
distancebetweenthecoef�cient vectors.Eachplot shows theerrorfor the1st-,1.5th-,and2ndorderTaylorexpansion.

Irisa



FastSphericalHarmonicRotation 7

4 Applications and Results

4.1 Real-timeEnvir onmentLighting

In this sectionwe extendthe techniqueof Kautz et al. [KSS02] with normalmappingthroughthe useof our rotation
approximation.A brief review of theoriginal techniqueis asfollows. Kautzet al. usesphericalharmonicsto perform
real-timeshadingof surfaceswith arbitraryBRDFsdueto low-frequency environmentlighting. TheBRDFis represented
asa 2D table,whoseeachelementstoresthe SH coef�cients of the BRDF for one�x ed outgoing(viewing) direction.
Environmentlighting is alsorepresentedby sphericalharmonics.The lighting integral for a given viewing directionis
computedasa dot productof lighting coef�cients andBRDF coef�cients for thatoutgoingdirection. In this technique,
thevariationof incidentlighting dueto surfaceorientationis limited by thenumberof verticesin themesh.Therendering
algorithmproceedsasfollows:

1. [Per-vertex, CPU] Rotatethe lighting coef�cients to the local coordinateframe of vertex vp. Sendthe rotated
coef�cient asvertex datato theGPU.

2. [Per-pixel,GPU] LookuptheBRDFcoef�cients for theviewing directiontransformedto thelocalcoordinateframe.

3. [Per-pixel, GPU] Computethedotproductof local lighting andBRDFcoef�cients.

Our extensiondecouplesthe lighting computationfrom the numberof verticesandallows modulatingthe surface
normal on a per-pixel basisby a normal map. We achieve this by modifying the original renderingalgorithm in the
following way (new stepsarein italics):

1. [Per-vertex, CPU] Rotatethe lighting coef�cients to the local coordinateframe of vertex vp. Sendthe rotated
coef�cient asvertex datato theGPU.

2. [Per-pixel, GPU] Lookup thenormalmap(normalmaprepresentsthemodulationof thelocal coordinateframeat
thepixelwith respectto theframegivenby theinterpolatedper-vertex normals).

3. [Per-pixel, GPU] Look up the BRDF coef�cients for the viewing direction transformedto the modulatedlocal
coordinateframe.

4. [Per-pixel,GPU] Useour SHrotationapproximationto rotatetheBRDFcoef�cients fromthemodulatedlocal frame
to theinterpolatedper-vertex local frame.

5. [Per-pixel, GPU] Computethedotproductof local lighting andBRDFcoef�cients.

Themodulationof thesurfacenormalby thenormalmapis usuallylimited to rathersmallangles;we cantherefore
safelyuseour rotationapproximation.Moreover, thanksto theapproximationsimplicity, we wereableto implementthe
per-pixel rotationin apixel shaderof thegraphicshardware.

The above extensionleadsto a signi�cant improvementof visual quality as illustratedin Figures4 and5. It also
allows usingmesheswith lower numberof verticesthanthe original technique,which improves the overall rendering
performance.Similarapproachcanalsobeusedto augmentvisualrichnessof thesphericalharmonics-basedprecomputed
radiancetransfertechniques[Sloan2002,Kautz2002],by applyingtheper-pixel rotationon thetransferredradiance.

To simplify thenormalmappingonecanignoretheper-pixel rotation(step4) andusethenormalmaponly to modulate
thelocal framefor theBRDFlook-up.Unlikeourmethod,thissimpli�ed normalmappinggenerates�at lookingsurfaces
andit alsodoesnot capturecolor variationson thesurfacebumpsthatstemfrom themodulatedsurfacenormal.

Results. Figures4 and5 compareourresultswith thesimpli�ed normalmapping.Weusedsphericalharmonicsof order
n=5 (25 coef�cients). Therotationapproximationusedthe“1.5-th order” Taylor expansionfor bandsl=1 to l=3 andthe
�rst orderTaylor expansionfor bandl=4. Dueto the limited pixel shaderinstructioncountwe hadto usefour passesto
accommodate25coef�cients. Theframeratesfor theseimagesat resolution800� 600are:

Simpli�ed Ours
Vase(891vertices) 46 fps 58 fps
Sphere(560vertices) 54 fps 65 fps
Plane(25vertices) 56 fps 75 fps

These�gures weremeasuredon a 2.26GHzPentiumIV PCwith ATI Radeon9800ProGPU.Thedropin theframe
ratedueto the rotation is morepronouncedfor the very low-frequency mesh,wherethe renderingtime is determined
mostlyby fragmentprocessing.

PI n 	 1728



8 K�rivánek,Konttinen,Pattanaik& Bouatouch

Figure4: Detail of a normalmappedvaserenderedwith our SH rotation(right) andwith thesimpli�ed normalmapping
(left). Normalmappingwith ourSHrotationis moresuccessfulatconveying theshapeapproximatedby thenormalmap.
Thevaseis illuminatedby theSt Peter's Basilicaenvironmentmap;theBRDF comesfrom a measurementof a brushed
metal[Wes].

4.2 RadianceCaching

Herewe brie�y review the radiancecachingalgorithmanddescribehow we have appliedour rotationapproximation.
Radiancecaching[KGPB05] is a generalizationof Ward et al.'s [WRC88] irradiancecachingalgorithm. It accelerates
indirect illumination computationon glossysurfacesby sparselysampling,cachingandinterpolatingtheincomingradi-
ance.Theincomingradianceat a point is a hemisphericalfunctionrepresentedby sphericalor hemisphericalharmonics
[GKPB04] coef�cients storedin the radiancecache. For a ray hitting a glossysurfaceat a point p, radiancecacheis
queried. If no cachedradiancerecordis found nearp, hemisphereabove p is sampledandthe incomingradianceco-
ef�cients arestoredin the radiancecache. If cachedrecordsare found nearp, the incomingradiancecoef�cients are
interpolatedwith theformula:

L (p) =
å S(RiL i)wi(p)

å Swi(p)
(1)

No translationgradientsare usedhere. Weight of the i-th cacherecordwith respectto point p is given by wi(p) =
(kp � pik=Ri +

p
1� n � ni)� 1, wherepi is thepositionof thei-th cacherecord,ni is thenormalat pi , Ri is theharmonic

meanlengthof rayssamplingthehemisphereabove pi , n is thenormalat p, S= f ijwi(p) > 1=ag anda is a userde�ned
allowederror. The importantthing hereis therotationRi thathasto beusedto align thecoordinateframesat pi andp:
thecachedincomingradiancehasto be rotatedbeforethe interpolationis possible(Figure6). This meansthat thereis
oneor morerotationfor eachinterpolation(eachpixel onavisibleglossysurface).

Dueto theinterpolationcriterionthenormalsatpi andp arealwayssimilar (if they werenot,pi wouldnotbeusedfor
interpolationat p). Angle of rotationaroundtheY axis in theEulerZYZ decompositionof Ri correspondsto theangle
betweennormalsni andn andhenceit is alwayssmall.Wecanthereforesafelyuseour rotationapproximation.

We usethe approximatedrotationfor b < blim andthe morecostly ZXZXZ decompositionotherwise. If we kept
blim constant,increasingthe radiancecachingerror a would lead to more frequentuseof the ZXZXZ decomposition
for rotationandthe interpolationwould slow down. This is certainlynot what theuserexpectsfrom increasingallowed
cachingerror. To rectify this, we setthe limiting angleto blim = 1:25a (derivation in AppendixB), which allows more
error in rotationif the userallows moreerror in interpolation. As a consequence,the percentageof ZXZXZ rotations
is constantregardlessof a in a given scene,which is what the userexpects. In this setting,our approximationandthe
ZXZXZ rotationmaynot meetin a visually continuousfashionat blim if a is high (a > 0:3 in our scenes).Is suchcase,
however, thecachingartifactsaremorepronouncedandtherotationartifactsgounnoticed.

Results. For resultsin this sectionwe usedthe “1.5-th Taylor expansion”of the Y rotationmatrix (all non diagonal
elementsof thesecondderivative matrix areignored).Whenusingour rotationapproximation,we setthelimiting angle
blim sothatit is never exceeded.

In Figure7 wecomparetheresultsof radiancecachingobtainedby thecorrectandtheapproximatedrotation.Instead
of aside-by-sidecomparison,in whichtheresultsarevisuallyindistinguishable,weshow acolorcodeddifferencebetween
the two methods.Imageareasexhibiting themaximumerrorareusuallyvery curved,andthe artifacts,if any, arewell
masked.

Irisa



FastSphericalHarmonicRotation 9

Figure5: More resultsof thenormalmappingwith our SH rotation(right) comparedto thesimpli�ed normalmapping
(left). The BRDFsusedwere(from top to bottom)Lambertian,Phong,Ward isotropic,Ward anisotropic.The objects
areilluminatedby the GraceCathedralenvironmentmap. Note the color variationson the surfacebumpscapturedby
our method. For the Lambertiansurface(top), the simpli�ed normalmappingdoesnot work sincethe BRDF is view
independent.Ourmethodis alsomoresuccessfulat revealingtheeffectsof BRDFanisotropy (bottom).

Table1 showstherenderingtimesfor the�amingo andthesphere(Figure7 left) with radiancecaching.Therendering
time only includesthe interpolationfrom thecache.For SH ordern = 6, our methodis 4 timesfasterthantheZXZXZ
decomposition;for n = 10 it is 6 timesfaster.

5 Conclusion

We presenteda fasttechniquefor rotatingfunctionsrepresentedby sphericalharmonics.We approximatedthespherical
harmonicrotation matrix by its Taylor expansionwhich increasesits sparsity. Our techniquedecreasesthe rotation
complexity andis fasterthanpreviousrotationalgorithms.Althoughourrotationapproximationis accurateonly for small
rotationangles,we have demonstratedits practicalusefulnessin real-timeandoff-line rendering.Therotationalgorithm
is simpleenoughto �t in the pixel shaderof standardgraphicshardware,which allows to apply the rotationon a per-

PI n 	 1728
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Figure6: RotationRi alignsthecoordinateframeat pi andp beforeinterpolationis possiblein radiancecaching.(After
[K�riváneketal. 2004].)

Order 6 10
RT TPR RT TPR

Flamingo
Ignore 10.3s — 11.2s —

Our method 12.8s 0.68ms 16.9s 1.54ms
ZXZXZ 21.2s 2.96ms 47.4s 9.83ms
Ivanic 47.3s 10.1ms 192s 49.1ms

DirectX 76.4s 17.9ms — —
Sphere

Ignore 3.30s — 3.96s —
Our method 4.28s 0.65ms 6.13s 1.44ms

ZXZXZ 7.08s 2.51ms 16.8s 8.57ms
Ivanic 17.8s 9.63ms 75.8s 47.8ms

DirectX 30.3s 17.9ms — —

Table 1: Renderingtimes for the �amingo and sphereimages(Figure 7 left) with radiancecaching. The rendering
time only includesinterpolationfrom thecache.Variousrotationmethodsareusedfor interpolation:Ignore(rotationis
ignored),our method,ZXZXZ decomposition,themethodof IvanicandRuedenberg andtheDirectX rotation. `RT' is
the framerenderingtime and`TPR' is the time per rotation. Therewere1;226;917� 3 = 3;680;751 rotationsfor the
�amingo and501;420� 3 = 1;504;260rotationsfor thesphere.

pixel basisin real-time.Wedemonstratedthisby shadingnormalmappedsurfaceswith arbitraryBRDFsby environment
lighting. Wehavealsoappliedour rotationapproximationin globalilluminationcomputationonglossysurfaces.

In futurework, wewould liketo extendourrotation-basednormalmappingto precomputedradiancetransfer. Wealso
believe thatasimilarapproachcanbeusedto approximaterotationof functionsrepresentedby wavelets.
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A SH Rotation Matrix Derivative

Herewe describethecomputationof thek-th derivative matrix dkRY
dbk . Thealgorithmis basedon IvanicandRuedenberg's

rotation matrix construction[IR96, IR98] and retainsits structure. Elementsof the derivative matrix block dkRl
Y

dbk are

indexedby m1 andm2 andwedenotethemR(k)
Y (l ;m1;m2). Westartwith bandsl = 0 andl = 1:

R(k)
Y (0; 0; 0) = 1(k)

R(k)
Y (1; � 1; � 1) = 1(k)

R(k)
Y (1; � 1; 0) = 0

R(k)
Y (1; � 1; 1) = 0

R(k)
Y (1; 0; � 1) = 0

R(k)
Y (1; 0; 0) = cos(k)(b)

R(k)
Y (1; 0; 1) = � sin(k)(b)

R(k)
Y (1; 1; � 1) = 0

R(k)
Y (1; 1; 0) = sin(k)(b)

R(k)
Y (1; 1; 1) = cos(k)(b)

whereb = 0 and1(k) is the derivative of one(1(k) = 1 if k = 0 and1(k) = 0 if k > 0). For higherbands,we compute
simultaneouslythezero-th,�rst, second,. . .maxderiv-th derivative:

for l = 2: : :n� 1 do
for k = 0: : :maxderiv do

for m1 = � l : : : l do
for m2 = � l : : : l do

R(k)(l ;m1;m2) := ul
m1m2

� dU (k)(l ;m1;m2)+
vl

m1m2
� dV(k)(l ;m1;m2)+

wl
m1m2

� dW(k)(l ;m1;m2)
end for

end for
end for

end for
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Numericalcoef�cients ul
m1m2

, vl
m1m2

andwl
m1m2

arethesameasin theoriginal paper[IR98]. FunctionsdU, dV and
dW arede�ned as:

dU (k)(l ;m1;m2) = dP(k)(l ;m1;m2;0)

dV(k)(l ;m1;m2) =

8
>>>>>>>>>>><

>>>>>>>>>>>:

dP(k)(l ;m1 � 1;m2;1)�
dP(k)(l ; � m1 + 1;m2; � 1)

if m1 > 1
p

2dP(k)(l ;0;m2;1) if m1 = 1
dP(k)(l ;1;m2;1)+
dP(k)(l ; � 1;m2; � 1)

if m1 = 0
p

2dP(k)(l ;0;m2; � 1) if m1 = � 1
dP(k)(l ; � m1 � 1;m2; � 1)+
dP(k)(l ;m1 + 1;m2;1)

if m1 < � 1

dW(k)(l ;m1;m2) =

8
>><

>>:

dP(k)(l ;m1 + 1;m2;1)+
dP(k)(l ; � m1 � 1;m2; � 1)

if m1 > 0

dP(k)(l ;m1 � 1;m2;1)�
dP(k)(l ; � m1 + 1;m2; � 1)

otherwise

with

dP(k)(l ;m1;m2; i) =

8
>>>><

>>>>:

dT(k)(1; i;0; l � 1;m1;m2) if jm2j < l
dT(k)(1; i;1; l � 1;m1; l � 1)�
dT(k)(1; i; � 1; l � 1;m1; � l + 1)

if m2 = l

dT(k)(1; i;1; l � 1;m1; � l + 1)+
dT(k)(1; i; � 1; l � 1;m1; l � 1)

if m2 = � l

and

dT(k)(l ;m1;m2; l0;m0
1;m0

2) =
k

å
i= 0

�
k
i

�
R(k)

Y (l ;m1;m2) � R(k� i)
Y (l0;m0

1;m0
2):

FunctiondT implementstheproductderivative rule ( f g) (k) = å k
i= 0

� k
i

�
f (i)g(k� i) , where f (k) denotesthek-th derivative.

B Rotation Approximation Limiting Angle

Thedecisionwhethera radiancecacherecordi will be includedin the interpolatedvalueat p dependson its weightas
a > 1=wi(p) (a is the userde�ned allowed error). Weight is a functionof the distancekp � pik andthe anglebetween
normalsb = 6 (n;ni). Considera constantcurvaturesurfacewith theosculatingcircle radiusr. Thenkp � pik = 2r sin b

2

andthereforetheweight is only a functionof b , i.e. 1=wi(p) = f (b) = 2r
Ri

sinb
2 +

p
1� cosb, whereRi is theharmonic

meandistance.The aim is to �nd for a given a and�x ed r the valueof blim suchthat for all acceptedradiancecache
records,thenormaldivergenceis nevermorethanblim . To thisendweneedtheinversefunctionof f , which is impossible
to �nd analytically. Insteadwe take the�rst orderTaylorexpansionof f atb = 0 which is f (b) � b (1=

p
2+ r

Ri
) andwe

�nd b < a(1=
p

2+ r
Ri

)� 1. We choose r
Ri

= 0:1 andwe getblim = 1:25a (in degreesblim = 70:1a). Thechoice r
Ri

= 0:1
meansthatall surfacesof curvature10=Ri or smallerwill berenderedwithoutexceedingblim .

C SH Rotation around Z-axis

The Z-rotation is computedef�ciently without constructingthe rotationmatrix RZ(a ) using the following procedure:

for l = 0: : :n� 1 do
u0

l := l 0
l

for m= 1: : : l do
u � m

l := l � m
l cos(ma ) � l m

l sin(ma )
um

l := l � m
l sin(ma ) + l m

l cos(ma )
end for

end for
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Thesinesandcosineof multipleanglescanbecomputedwith therecurrenceformula:

sin(ma ) = 2sin((m� 1)a ) cos(a ) � sin((m� 2)a )

cos(ma ) = 2cos((m� 1)a ) cos(a ) � cos((m� 2)a )

Thenumberof multiplicationsin therotationprocedureis NZ(n) = 2n(n� 1) thusthecomplexity is O(n2).
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