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In the previous talkJaroslav discussed the path integral formulation of light transport
and demonstrated its conceptual simplicity and flexibilityill now show how we can
leverage this frameworto seamlessly combine bidirectional path tracing and photon
mapping via multiple importance sampling.



| Bidirectional path ;;ciﬁm

Bidirectional path tracings one of the most versatile light transport simulation

algorithms available today. It can robustly handle a wide range of illumination and scene
configurations, but is notoriously inefficient for specutiffuse-specular light

interactions, which occur e.g. when a caustic is seen through a reflection/refraction.




dohidan

Stochasticipro ressive photon'mapp ng

On the otherhand, photon mapping (PM) is well known for its efficient handling of

caustics. Recently, Hachisuka and Jensen [2009] showed a progressive variant of PM that
converges to the correct result with a fixed memory footprint. Their stochastic

progressive photon mapping (PPM) algorithm captures the reflected caustics in our

scene quite well. However, it has hard time handling the strong distant indirect

illumination coming from the part of the scene behind the camera.



m‘qonnection and merg’"iﬁm

By using multiplemportance sampling tcombineestimators from bidirectional path
tracing and photon mapping, tredgorithm | will talkabout today automatically finds a
good mixture of techniques for each individual light transport path, and produces a
clean image in the same amount of time.




BPT vs PM
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Unidirectional sampling Vertex connection Density estimation

Bidirectional path tracing Photon mapping

Let us start by reviewing how bidirectiongth tracing BPT) and photon mapping (PM)
sample light transport paths that connect the light sources to the camera

Thetechniques BPT employs can be roughly categorizexhidirectional samplingusS)
andvertex connectioifVC) USconstructs a path by starting either from a light source or
the camera and tracing a random walk in the scene until terminatorthe other

hand, VC traces one subpath from a light source and another one from the camera, and
then completes a full path by connects their endpoints.

In contrast, PM first traces a number of light subpaths and stores their vertices, a.k.a.
photons. It then traces subpaths from the camera and computes the outgoing radiance
at the hit points using density estimation by looking up nearby photons.



BPT vs PM

Unidirectional sampling Vertex connection Density estimation

BPT can efficientlyapture directly visible caustics, as it can connect light subpath
vertices to the camera. Howevegrfsampling speculatiffuse-speculampaths, BPT can
only rely on unidirectional sampling, as VC cannot perform connections with specular
vertices. Since the probability of randomly hitting the light source is often very low, the
resulting images suffer from excessive noise.

On the other hand, photon mapping handles both direct and reflected caustics pretty

much the same wayg by loosely connecting nearby eye and light gath vertices. But
as can be seen in the images above, it is less efficient than BPT for diffuse illumination.



Overview ()

Problem: different mathematical frameworks
= BPT: Monte Carlo integration
= PM: Density estimation

Key idea: Reformulate photon mapping in
Veach’s path integral framework

1) Formalize as path sampling technique
2) Derive path probability density

* The path integral
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It has been long recognizéidat bidirectional path tracing (BPT) and photon mapping
(PM) complement each other in terms of the light transport effects they can efficiently
handle.However, even though botimethods have been published more than 15 years
ago, neither aigorous analysis of their relative performance noredficient

combination had been shown until very recently. The reason for this is that BPT and PM
have originally been defined in different theoretical framewogk8PT as a standard

Monte Carlo estimator to the path integral, and PM as an outgoing radiance estimator
based on photon density estimation.

The first step toward combining these two methods is to put them in the same
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transport, as it has a number of good properties (which Jaroslav discussed) and also
because BPT is already naturally defined in this framework.

We need two key ingredients: (1) express PM as a sampling technique that constructs
light transport paths that connect the light sources to the camera, and (2) derive the
probability densities for paths sampled with this technique. This will give us a basis for
reasoning about the relative efficiency of BPT and PM. And more importantly, it will lay
the ground for combining their corresponding estimators via multiple importance
sampling.



Bidirectional MC path sampling ()
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Let us start by taking a simple lenglpath and see how it can be constructed
bidirectionally



Bidirectional MC path sampling ()

® Light vertex
® Camera vertex

We first trace one subpath from the camera and anotbee from a light source.



Bidirectional MC path sampling

® Light vertex
® Camera vertex

X3 X3

Bidirectional path tracing Photon mapping
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Bidirectional MC path sampling

® Light vertex
® Camera vertex

X3

Vertex connection Photon mapping

prc(X) =1

Bidirectional path tracing connects tisebpathendpoints deterministicallyVe call this
techniquevertex connectionThe PDF of the resulting full path is well known, and is
simply the product of the PDFs of two subpaths, which have been sampled

independently
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Bidirectional MC path sampling

® Light vertex
® Camera vertex

Vertex connection Photon mapping

prc(®) =p

Photonmapping, on the other hand, will extend the light subpath by sampling one more
vertexfrom @, and will concatenate the two subpatBsy f & A T (0 kf®int@LIK 2 (2 y
lies within a distancé from @ .
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Bidirectional MC path sampling

® Light vertex
® Camera vertex

X; Xp

Vertex connection Vertex merging

prc(®) =p

We label this techniqueertex mergingas it can be intuitively thought to weld the
endpoints of the two subpaths if they lie close to each other.
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Bidirectional MC path sampling

® Light vertex
® Camera vertex
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Vertex connection Vertex merging

prc(®) = X1) prmX) = p(xodp(xp = x1) P(|Ix; — x3]| < 7)

What remains is to derive the PDF of the resulting full path. To do this, we can interpret
the last step as establishing a regular vertex connection betw®emdd , but

conditioning its acceptance on the random event that a ve@ezampled fron@ lands

within a distance to @ . This probabilistic acceptance is nothing more than a Russian
roulette decision. The full path PDF is then again the product of the subpath PDFs, but in
addition multiplied by the probability of sampling the pof@twithin a distance of @ .

This acceptance probability is equal to the integral of the PO ofer thei -

neighborhoodof @ .
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Bidirectional MC path sampling

® Light vertex
® Camera vertex

X; Xp

Vertex connection Vertex merging

PreX) = pl X1) prm(X) = p — %) p(x; - x3) mr?

Under the reasonable assumptions that the surface aro@nid locally flat, i.e. thathis
neighborhoods a disk, and that the density @f is constant inside this disthe integral
can be well approximated by the PDF of the actual p@inwe have sampled, multiplied
by the disc areai
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Sampling techniques ()

® Light vertex
® Camera vertex

Unidirectional 2 ways

Vertex connection 4 ways

Vertex merging 5 ways

Nowthat we haveformulated the vertex merging path sampling technique, we can put it
side by side with the already available techniques in BPT. There are two ways to sample
a length4 path unidirectionally, and four ways to sample it via vertex connection. Vertex
merging adds five new ways to sample the path, corresponding to merging at the five
individual path vertices. In practice, we can avoid merging at the light source and the
camera, as directly evaluating emission and sensitivity is usually cheap.

But with so many ways to sample the same light transport path, a question naturally
arises in the mind of the curious: which technique is the most efficient for what types of
paths?
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Technique comparison
SDS paths

O o mmm Diffuse light

W Diffuse surface
I Mirror surface

Unidirectional sampling Vertex merging

10k paths/pixel

To answer this question, letsfirst take a look aspeculardiffuse-specular (SDS) paths.
Here, bidirectional path tracing can only rely on unidirectional sampling: it traces a path
from the camera hoping to randomly hit the light source. With vertex merging, we can
trace one light and one camera subpath, and merge their endpoints on the diffuse
surface.

It can be shown that if the light source and the merging disk have the same atkan
unidirectional sampling and vertex merging sample paths with roughly the same
probability density. This means that we should expect the two techniques to perform
similarly in terms of rendering quality.

Werender these two images progressively, sampling one full path per pixel per iteration.
For the left image we trace paths from the camera until they hit the light. For image on
the right, we trace subpaths from both ends, and merge their endpoints if they lie within
adistanca /0¥ from each other. Both images look equally noisy, even after
sampling 10,00@aths per pixel. This confirms that vertex merging, and thus photon
mapping, iot an intrinsically more robust sampling technique for SDS paths than
unidirectional sampling
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Technique comparison O
SDS paths

—o— —o— = Diffuse light

W Diffuse surface
I Mirror surface
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Unidirectional sampling Vertex merging Vertex merging (reuse)

10k pat s/pixel 10k pat.hs/plxe 1.2 billion paths/pixel

However the strength of vertex merging is computational efficieqaye can very
efficiently reuse the light subpaths traced falf pixels at the cost of a single range
search query. This allows us to quickly construct orders of magnitude more light
transport estimators from the same sampling data, with a minimal computational
overhead, resulting in a substantial quality improvement



Technique comparison O
SDS paths

—o— —o— = Diffuse light

W Diffuse surface
I Mirror surface
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Unidirectional sampling Vertex merging Vertex merging (reuse)

hly equal total number of rays per image!
10k paths/pixel 10k paths/pixel 1.2 billion paths/pixel

For all these three images we have traced roughly the same number of rays, and the
only difference between the one in the center and the one on the right is that the for
right image we have enabled path reuse, by storing, and looking up, the light subpath

vertices in a photon map at every rendering iteration.



Technique comparison ()

Diffuse illumination g
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Vertex Unidirectional Vertex
connection (VC) sampling (US) Merging (VM)

Roughly equal sampling densities

e v
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connection (VC) constructs the edge betwé@rand@ deterministically, while
unidirectional sampling (US) and vertex merging (VM) both rely on random sampling.

Once again, it can be shown that if the light source and the merging disk have the same
area, then US and VM sample this path with roughly the same probability density.

Forthe specific case shown on this slide, this density is about 100,000 lower than that of

VC. This demonstrates that VM is not an intrinsically more robust sampling technique

than VC either. This is not surprisingd we recall the expression for the VM path PDF,

we see that it can only be lower than that of the corresponding VC technique, as their
only difference is the probability factor in the VM PDF, which is necessarily in the range
Tip . Still, by reusing paths across pixels, vertex merging, and thus photon mapping,
gains a lot of efficiency over unidirectiorssimpling.

All these useful insights emer@m the reformulation of photon mapping as a path
sampling technique.
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Vertex connection & merging (VCM)

Stage 1: Light sub-path sampling

a) Trace sub-paths b) Connect to eye

Stage 2: Eye sub-path sampling

a) Vertex connection b) Vertex merging c) Continue sub-path

Evenmore usefully we now have the necessary ingrediefis combining photon mapping and
bidirectional path tracing into one unified algorithm. The vertex merging path PDFs tell us how
to weight all sampling techniques in multiple importance sampling, and the insights from the
previous two slides command to strive for path reuse.

The combined algorithm, which we cedirtex connection and mergirfy CM), operates in two
stages.

1. Inthe first stage, we
a) tracethe light subpaths for all pixels,
b) connectthem to the camera, and

c) storethem in a range search acceleration data structure (elgl-ee or a hashed
grid).

2. Inthe second stage, we trace a camera subpath for every pixel.

a) Eachsampled vertex on this path is connected to a light source (a.k.a. next event
estimation), connected to the vertices of the light subpath corresponding to that
pixel, and

b) mergedwith the vertices ofll light subpaths.
c) Wethen sample the next vertex and do the same.

In a progressive rendering setup, we perform these steps at each rendering iteration,
progressively reducing the vertex merging radius . For details on this, please refer to the cited
papers below for details.
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Bidirectional path tracing (30 min)

Let us now see how theombined algorithm stacks up against bidirectional path tracing
and stochastic progressive photon mapping on a number of scenes with complex
illumination.
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- Stochastic progressive photon mapping (30 min)
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Vertex connection and merging (30 min)
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Relative technique contributions

Here,we visualize the relative contributions of VM and VC techniques to the VCM image
from the previous slide. This directly corresponds to the weights that VCM assigned to
these techniques.
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